Appendices

Appendix A: Likelihood Theory
Likelihood methods are much more general, far less taught in applied
statistics courses, and easier to understand as a concept or procedure than
least squares. The material in much of this book relies on an understanding of likelihood theory, and so a very brief introduction is given here. While
likelihood methods underlie both frequentist and Bayesian statistics, there
are no more than a handful of applied books on this important subject
(examples include McCullagh and Nelder 1989; Edwards 1992; Azzalini 1996; Morgan 2000; Severini 2000; Pawitan 2001) and none of these
constitute easy reading.

A.1

Likelihood Functions

The first key point is that the likelihood function is a product of probabilities.
The concept can be illustrated by considering events (or outcomes) that can
be observed (e.g., the number of “heads” observed from flipping a coin n
times). The set of these observations constitute the data. Specifically, the data
from a coin flipping study are the number of heads ( y ) and the number of
tails (n−y) from n coin flips. The probability of such events can be “assigned.”
Underlying each time a head is observed is the probability of a head; call this
p. Underlying each observation of a “tail” is it’s probability; call this 1−p.
Tacit assumptions have been made; these are often termed “independent and
identically distributed, iid. It is easy to believe that the outcomes of coin flips are
independent. Whether a single coin is flipped n times or n coins are flipped once,
surely one outcome does not influence the next. The term identically distributed
relates to each coin having the same properties; if one coin has the probability
of a head as some value p, the others have that same value (this condition is
also known as parameter homogeneity). These are important assumptions; for
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example, unless independence is assumed probabilities are not simply multiplied and log-likelihoods cannot be summed. Both of these iid assumptions can
fail in many applications in the life sciences (see Sect. 6.2).
Note, the sum of the number of heads and tails = n = y + (n−y). Likewise, the
sum of the probabilities is 1 = p + (1−p). All the events and their probabilities
must be accounted for under basic rules of probability. Assume a coin is
flipped 11 times (n = 11) and 7 heads (y) are observed. Then the likelihood
function (L) for this could be written as the product (note the order is not
important),
L ∝ ppppppp(1–p)(1–p)(1–p).
Some simple notation allows this to be written in a more useful form (where
∝ means “proportional to”)
L ∝ py(1–p)n-y
or for example
L ∝ p7(1–p)4.
Now it should be clear that this is the binomial model. The above shows the
likelihood function is proportional; its exact form must include the binomial
coefficient
L=

( ) p (1 − p)
n
y

y

n− y

,

where

( ) = y!(nn−! y)!
n
y

and is read “n choose y” and is the number of ways a sample of size y can
be selected from a population of size n. The binomial coefficient ny does

( )

not contain the unknown parameter p and is often omitted for estimation of
model parameters. The key here is to focus on the fact that likelihood functions are the product of probabilities. These probabilities come from assigning
underlying probabilities to observed events (the data). This is formalized as
L ( p | n and y, binomial) =

( ) p (1 − p)
n
y

y

n− y

,

and is read “the likelihood of the unknown parameter p, given the data (n and y)
and the model (binomial). The likelihood function allows the estimation of
unknown parameters, given the data and the model (g). The scientist has data
and can assign probabilities underlying the data if the model is given (or can
be selected). This paves the way for a way to estimate the value of parameters
in the model.
There are important distinctions between the terms probability and likelihood. Likelihood is relative or comparative; likelihood values do not sum or
integrate to 1. Likelihoods are not probabilities. Likelihood values are like
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raffle tickets. If you have 14 tickets and Barney has only one ticket then the
likelihood of you winning the raffle, relative to Barney winning, is 14:1.
Likelihoods are functions of the unknown parameters (q ), given the data (x)
and the model (g); L (q |x, g). In contrast, probabilities sum or integrate to
one and are absolute. Probability functions and distributions are functions of
the data, given the value of the parameters and a model; p(x | q, g). Both probabilities and likelihoods are conditional on various things. Both quantities are
useful in inductive inference, but they are different (even though lay people
might use these interchangeably).
Clearly, the likelihood is a function of (only) the unknown parameter (p in
this example), given the model upon which L is based. Those familiar with
the binomial probability model will note the similarity with the binomial
likelihood. The probability model of the data and the likelihood function of
the parameter are closely related; they merely reverse the roles of the data and
the parameters, given a model. The important point to remember is that the
likelihood function is always a product of the probabilities.
Thus, given the data (y and n) and the binomial model, one can compute
the likelihood that p is 0.15 or 0.73 or any other value between 0 and 1. The
likelihood (a relative, not absolute value) is a function of only the unknown
parameter p. Given this formalism, one might compute the likelihood of
many values of the unknown parameter p. The likelihood of 4 values of p are
tabulated below.
P
0.3
0.5
0.7
0.8

L
0.0173
0.1611
0.2201
0.1107

Clearly, some values of p are much more likely than others and this is invariant to any scaling of the data. In fact, p = 0.7 is 12.7 (= 0.2201/0.0173) times
more likely than the value of p = 0.3. Given the ability to compute the likelihood of various values of p, Fisher reasoned that the best estimate of the
unknown parameter p would be the one that was “most likely.” Hence the
term maximum likelihood estimate or MLE. In the values tabulated above,
p = 0.7 is the most likely. If the derivative of the analytical form of the likelihood were used to compute the exact maximum of the entire function, we
would see that the MLE is 0.63636. This estimate could also be gotten using
numerical methods and that is what is done in practice with real problems.
It seems compelling to pick the value of the unknown p that is “most likely.”
Likelihood theory includes asymptotically optimal methods for estimation
of unknown parameters and their variance–covariance matrix, derivation of
hypothesis tests, the basis for profile likelihood intervals, and other important
quantities. Likelihood is the backbone of statistical theory, whereas least squares
can be viewed as a limited, special case (but certainly an important case).
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A.2

Log-Likelihood Functions

For many purposes the natural logarithm of the likelihood function is essential; written as log(L(q | data, model)), or log(L (q | y, model)), or if the context
is clear, just log(L(q )) or even just log(L). Thus, taking logarithms
log(L (q | y, model)) = log

( ) + y ⋅ log( p) + (n − y) ⋅ log(1 − p).
n
y

Often, one sees notation such as log(L (q |y)), without making it clear that
a particular model is assumed. An advanced feature of log(L) is that it, by
itself, is a type of information concerning the unknown parameters (q ) and
the model. A property of logarithms for values between 0 and 1 is that they lie
in the negative quadrant; thus, values of the log-likelihood function are negative (unless some additive constants have been omitted). Figure A.1 shows a
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FIG. A.1. Plots of the binomial likelihood (a) and log-likelihood (b) function, given n = 11
penny flips and the observation that y = 7 of these were heads. Also shown are plots of the
binomial likelihood (c) and log-likelihood (d) function, given a sample size 10 times larger;
n = 110 penny flips and the observation that y = 70 of these were heads.
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plot of the likelihood (a) and log-likelihood (b) functions where 11 coins are
flipped, 7 heads are observed, and the binomial model is assumed. The value
of p = 0.6363 maximizes both the likelihood and the log-likelihood function;
this value is denoted as and is the maximum likelihood estimate (MLE).
Relatively little information is contained in such a small sample size (n = 11)
and this is reflected in the broad shape of the plots. Had the sample size been 10
times larger, with n = 110 and 70 heads observed, the likelihood and log-likelihood functions would be more peaked (Fig. A.1). In fact, the sampling variance
is derived from the shape of the log-likelihood function around its maximum
point. Finally, the value of the log-likelihood function at its maximum point is a
very important quantity and it is this point that defines the maximum likelihood
estimate. In the example with 11 flips and 7 heads, the value of the maximized
log-likelihood is −1.411 (Fig. A.1b). Thus, when one sees reference to a maximized log(L(q )), this merely represents a numerical value (e.g., −1.411). The
value −1.411 is computed using the binomial coefficient
11!
11
=
= 330.
7
7!(11 − 7)!

( )

Specifically, the value of the maximized log-likelihood function is

( ) + y ⋅ log( p) + (n − y) ⋅ log(1 − p),
log(L ( p | 7,11, binomial)) = log ( ) + 7 ⋅ log(0.6363) + (4) ⋅ log(1 − 0.6363)
log(L ( p | x, binomial)) = log

n
y

11
7

= 5.799 + 7( −0.452) + 4( −1.012)
= −1.411.
The value of the log-likelihood function log(L) = −1.411. Then, AIC =
−2log(L) + 2K is simply −2(−1.411) + 2(1) = 4.822. Software for computing
MLEs always give the value of the maximized log-likelihood or the deviance
(which is −2log(L) and is the first term in AIC and AICc). Thus, computation
of AICc is trivial once the MLEs have been found.
Those using LS to get estimates in linear models can easily compute the value
of the maximized log-likelihood function by the simple mapping
log (L (qˆ )) ~ – 1 n log(sˆ 2 ),
2

where 2 = RSS/n (the MLE). This result is important in model selection
theory as it allows a simple mapping from LS analysis results (e.g., the
RSS or the MLE of 2) into the maximized value of the log-likelihood function for comparisons over such linear models with normal residuals. Note
that the log-likelihood is defined up to an arbitrary, additive constant in this
usual case. If the model set includes linear and nonlinear models or if the
residual distributions underlying the models differ (e.g., normal, gamma,
and log-normal), then all the terms in the log-likelihood must be retained,
without omitting any constants. All uses of the log-likelihood are relative to
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its maximum, or to other likelihoods at their maximum, or to curvature of the
log-likelihood function at the maximum.
The variance–covariance matrix can be found from the log-likelihood
function; this is a more technical subject and I will only provide a glimpse into
Fisher’s approach. The variance is directly related to the shape (peakedness)
of the log-likelihood function near the maximum point. The more peaked the
smaller the variance and vice versa. If there are 3 unknown parameters, then
the variance–covariance is a square matrix with dimension 3. The 3 variances
appear on the diagonal, while the covariances appear in the off-diagonal elements. [Elements of this matrix come from second mixed partial derivatives of
the log-likelihood function with respect to the parameters. This is a very general and useful procedure, but often seems difficult when first encountered; we
will not take this issue further here.]
The likelihood function L(q | x, model) makes it clear that for inference about q the data and the model are taken as given. Before one can
compute the likelihood that q = 0.53, one must have data and a particular statistical model. While an investigator will have empirical data for
analysis, it is unusual that the model is known or given. Rather, a number
of alternative model forms must be considered as well as the specific
explanatory variables to be used in modeling a response variable. This
issue includes the variable selection problem in multiple regression analysis. If one has data and a model, LS or ML theory can be used to estimate the unknown parameters (q) and other quantities useful in making
statistical inferences.
Model selection relates to fitted models; given the data and the form of the
model, then the MLEs of the model parameters have been found (“fitted”).

A.3

Why Likelihood Theory?

The review above has been in terms of only one model (the binomial) with
a single unknown parameter, but the principles extend to other models and
models with hundreds of unknown parameters. The theory is worth the effort
to learn and be comfortable with. Reasons for this include
●

●

●

●

Likelihood and log-likelihood functions form the general basis for deriving
estimates of unknown parameters in the models of science hypotheses and
their variance–covariance matrix as measures of precision
Log-likelihood functions are the basis for profile likelihood intervals. These
allow for asymmetric intervals and avoid the notion of repeated sampling
and the awkward definition of the usual frequentist intervals
Likelihood and log-likelihood values are the basis for hypothesis tests – the
likelihood ratio tests (LRT) and goodness-of-fit tests in particular (however,
these are of little use in model building or model selection)
Model selection based on Kullback-Leibler information
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Properties of Maximum Likelihood Estimators

MLEs are asymptotically optimal; that is, as sample size gets “large” they
enjoy the following important properties:
●
●
●

Normally distributed
Minimum variance
Unbiased

In addition, linear or nonlinear transformations of an MLE to estimate another
parameter are also MLE. For example, mean life span is defined as 1/log(S).
An estimator of mean life span is
Lˆ = 1 / log(Sˆ ),
ˆ
where Ŝ in an MLE. This being the case, then one can say that L is also MLE.
This is a very important property in application.

A.5

Deviance

A useful quantity in likelihood-based inference is the deviance,
Deviance = −2log(L(q̂ | x,g) ) + 2 log(Ls(q̂ | x, g) ),
where L is a “saturated” model. In model selection, this Ls term is constant across models and can usually be omitted. In other situations the
saturated model would produce log(Ls) = 0; hence, there is a basis to
say deviance = −2log(L(q̂ | x, g)). Thus, for the issues here, deviance =
−2log(L(q̂ | x, g)) and is a measure of lack of fit and is the first term in
AIC and AICc.

A.6

Likelihood Ratio Tests

Likelihood ratio tests (LRT) can be used to compare two nested models; the
form of the test is suggested by its name
∧

⎛ L (q | x, g )
T = −2 log ⎜ s
⎝ Lg (q | x, g )
∧

⎞
⎟,
⎠

where the simpler model (s) has fewer parameters than the general model (g)
– seen as subscripts. [Note the appearance of the −2 again.]
Asymptotically, the test statistic (T) is distributed as a chi-squared variable
with degrees of freedom equal to the difference in the number of parameters between the two nested models. LRTs can also be expressed in terms
of the difference between the two deviances.
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A Likelihood Version of R2

Nagelkerkle (1991) provided a near analog to the R2 of least squares, we will
denote this as R2. Let (q̂) and (0) denote the maximized log-likelihoods for
the fitted model of interest and the null model, respectively. Start with
⎧ 2
⎫
R 2 = 1 − exp ⎨ − ( (q̂ ) − (0))⎬
⎩ n
⎭
and then rescale to allow a maximum of 1 by defining
⎧2
⎫
max R 2 = 1 − exp ⎨ ⋅ (0)⎬ .
⎩n
⎭
and finally the rescaled value we want
R2 = R 2 / max R 2 .
Often, the statistic R2 is optimistic and it is not an exact analog to the usual
R2 in linear models. Still, this approach is useful and easy to compute. In
addition, other approaches have been developed such as the “analysis of deviance,” which is closely allied with the usual R2 in regression.

A.8

Potential Problems

Virtually all applications of likelihood methods for real problems are done
numerically. That is, calculus is not used to find the maximum of multidimensional functions; instead, sophisticated numerical routines have been found
years ago to perform these tasks.
The first problem is that the function, at least in one dimension, is very
flat and the numerical routine cannot identify the “exact” maximum point.
There are several reasons that might cause this; however, the software
usually outputs a message that it failed to converge. The user might restart
the routine using the provisional values of q̂ available when the routine
last stopped. Alternatively, one might start over using a different starting
value for q̂.
The second problem is that a log-likelihood function might have multiple
local maxima (modes) and one must worry that the numerical routine will
find a suboptimal maximum point and this is unknown to the user. Here,
one might try different starting values or use some other numerical routine (e.g., simulated annealing). Most of the commonly used statistical
distributions are in the so-called “exponential family” and these carry a
guarantee of unimodality (however, mixture distributions of these common forms do not).
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Appendix B: Expected Values
Statistical expectations of estimators or other expressions are often useful in
a variety of ways. Such expectations can be thought of as an “average” taken
over all possible samples of size n (see Wackerly and Mendenhall 1996).
This process is simple when working with discrete random variables. The
expectation of a discrete random variable x is defined as
E( x ) = ∑ xi p( xi ),
i

where p is the probability of being in class i. Consider a population of size
N = 4 and a sample of size 2. The binomial coefficient nN is read “N chose n”
or, in this example, 24 is “4 chose 2” = 4!/[2! ´ (4–2)!] = 6. This is an effective
way to compute the number of ways a sample of size 2 can be drawn from a
population of size 4. In general, the binomial coefficient is

( )

()

⎛ N⎞
N!
⎜⎝ n ⎟⎠ = n! × ( N − n)! ,
where ! means factorial. Let N = 5, then 5! is 5 ´ 4 ´ 3 ´ 2 ´ 1 = 120.
Now consider a population of 4 rats (rat A, B, C, and D) each with a number
of ticks. An exact count of the number of ticks on each rat has been made; rat
A has 2 ticks, rat B has 4 ticks, rat C has 2 ticks, and rat D has 8 ticks. As we
have an exact count of the number of ticks on all the rats in the population,
we can compute the mean number of ticks per rat as a population parameter;
denote this parameter as m. The value of µ in this simple example is merely
the total number of ticks (2 + 4 + 2 + 8 = 16) divided by the number of rats
(4). This gives the parameter as m = an average of 4 ticks per rat. So, the
population parameter in this example is known, m = 4.
We must now summarize all possible samples of size 2 that could be drawn
from the population of size 4; we know from the binomial coefficient that there
are 6 such samples of size 2 possible. The sample data are summarized below:
Sample, i
1
2
3
4
5
6

No. ticks

Sample mean

m̂

AB
AC
AD
BC
BD
CD

6
4
10
6
12
10

3
2
5
3
6
5

Each of the 6 sample means m̂ i is a maximum likelihood estimate. The
expected value of the MLE m̂ is written as E( m̂) and is the average of the 6
sample means
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(3 + 2 + 5 + 3 + 6 + 5) / 6 = 4.
Thus, E( m̂) = 4. This is the average of all possible samples from the population of size 4 for samples of size 2. The notation “E(•)” is an operator meaning
“take the expectation of (•).” One reason for taking statistical expectations
is in assessing the bias of an estimator. Bias is also an average quantity and
defined as
Bias = E( )−q
where q is some parameter of interest. In the rat example, bias = E( m̂) − µ = 4
− 4 = 0, or unbiased. Expectations of continuous random variables also exist;
integrals replace summation operators, but the principle remains the same.
A second type of expectation is useful in parameterizing some types of
models. Consider a sample of size R2 sea turtles marked and released in year 2
of a conservation biology study. Four years after release, r25 turtles are killed
(as bycatch) in a primitive fishery and reported to conservation authorities.
The notation r25 reflects the number of turtles recovered dead in year 5 from
those marked and released in year 2. So, under a model that allows survival
and reporting probabilities to vary by year, we can write down the expectation of r25, i.e., E(r25). Here the expectation operator (E) asks for the analytical
expression of the count r25, given a model. We note that to have been killed
and reported in year 5, the turtles had to survive the yearly intervals 2–3, 3–4,
4–5, they died in year 5, and were reported in year 5. Thus, under the timespecific model
E (r25 ) = R2 S2 S3 S4 (1 − S5 )l5 ,
where S is the annual survival probability in year j and λ is the annual
reporting probability in year j. In this case, one would like estimates of
the 5 model parameters and their sampling covariance matrix using maximum likelihood methods. The expectation changes if a different model is
hypothesized where the parameters are nearly constant across years (an
approximation as we know that there is some variation in the parameters
across years). Here
E (r25 ) = R2 SSS (1 − S )l = R2 S 3 (1 − S )l.
Under this model there are only 2 parameters, S and λ. The expectation operator is used often in statistics.
A final example is the expectation of an encounter history matrix used in capture–recapture and occupancy models. For each sampling occasion i let “1”
denote encountered and “0” denote not encountered. As an example, take the
encounter history for manatee no. 17 over 8 sampling occasions:
{11001101}.
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The “1” in the final column (representing year 8) makes it clear that the animal was still alive in the 7th (last) year. Thus, the expectation must contain 7
annual survival probabilities, f1, f2,…, f7, related to the 7 intervals defined by
the 8 occasions (this reasoning assumes the model has year-specific parameters). These models condition on the first occasion and so there is no encounter
probability (denoted as p1) for occasion 1. Note, this manatee was encountered
on occasion 2, 5, 6, and 8, following its initial capture. Thus, the expectation
must contain p2, p5, p6, and p8. Finally, this animal was not encountered on
occasions 3, 4, and 7 and so the expectation must include (1−p3), (1−p4) and
(1−p7). In summary
E{11001101} = f 1f 2f 7 p2 p5 p6 p8 (1 − p3 )(1 − p4 )(1 − p7 );
however, the order of the parameters is arbitrary. This component of the model
has 14 unknown parameters.
As above, the expectation would be different if a different model were
hypothesized. For example, if one hypothesized a fairly constant environment
and relatively constant sampling effort, then a model with only an average
annual survival and encounter probability would yield the following expectation for the same encounter history
E{11001101} = f 7 p 4 (1 − p)3 .
This model has only 2 parameters and these parameters and their covariance matrix can be estimated using maximum likelihoods methods, given
data. Given a specific data set, which of these 2 models is “better”? This is a
model selection problem and its solution must take into account the concept
of parsimony.

Appendix C: Null Hypothesis Testing
The central inferential issues in science are twofold. First, scientists are
fundamentally interested in estimates of the magnitude of parameters or
functions of parameters and their precision: are the effects trivial, small,
medium, large, or extra large? Are these effects biologically meaningful
or interesting? This is an estimation problem whether the data arise from
a strict experiment or an observational study. Second, one often needs to
know if the effects are large enough, given the data, to justify inclusion
in a model to be used for further inference (such as prediction). This is a
model selection problem and involves the principle of parsimony. These
issues are not strongly associated with null hypothesis testing, P-values,
and rulings about “statistical significance.” Null hypothesis testing in the
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statistical sciences is like protoplasm in biology; they both served an early
purpose but are no longer very useful.
Some people still believe that statistics and statistical science are mostly
about testing null hypotheses without realizing the uninteresting or trival
nature of most such hypotheses. Many null hypotheses are merely strawmen
to be struck down and rejected, but little understanding is gained by doing
so. We need to move on from the traditional testing approach because it is so
uninformative.
Given that many of us were trained in null hypothesis testing, it is easy to
cling to the incorrect notion that P-values represent a strength of evidence.
Royall (1997), Vieland and Hodge (1998:285), and Johnson (1999) provide
convincing proof that this is not the case (the reasons are technical in
that P-values are dependent upon the sample space of both observed and
unobserved data). One unsettling issue (there are many) is assigning probabilities to events that were never observed. I urge people to think hard
about the differences in approach as illustrated by the European dipper example
in Sect. 4.8.
Some authors still see a use for null hypothesis testing when the evidence
against this seems, to me, so overwhelming (e.g., Stephens et al. 2005; Steidl
2007); I do not mean to criticize, only to note the large variance component
here. I believe that null hypothesis testing will continue to decline as it is
replaced by the substantially more relevant methods based on information
theory and Bayes’ theorem.

Appendix D: Bayesian Approaches
This appendix assumes the reader has a basic understanding of the Bayesian
paradigm. Bayesian approaches have seen tremendous growth and recognition in the past 2–3 decades (Gelman et al. (2003) lists nearly 600 references).
This change has been the result of huge increases in computing power and the
discovery of powerful numerical methods (i.e., Markov Chain Monte Carlo
methods, MCMC, see Chen et al. (2000) and Givens and Hoeting (2005)).
Bayesian methods are particularly powerful in coping with a wide class of
random effects models (see Sect. 6.5) and will continue to see heavy use in
this area. There are many excellent books on Bayesian methods including
Carlin and Louis (2001) and Gelman et al. (2003).
Bayesian methods have met with controversy over the past 2.5 centuries;
this stems primarily from the subjective nature of early Bayesian approaches.
Change has emerged in the thinking of many Bayesians because of the use
of “vague” priors; also termed uninformative, colorless, or flat priors. Here
the goal is to attempt to withhold any subjective (or “personal”) information;
thus, the resulting analysis is objective and the parameter estimates are often
virtually identical to the MLEs. This change in approach has greatly lessened
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the strong objection to Bayesian methods in science where subjectivity is to
be minimized, not invited or enhanced. Subjective priors on parameters often
have utility in nonscience issues; but such priors have been largely rejected
in scientific work. Having said that, I must note that the data “swamp” the
prior in some science applications and, if this is clearly demonstrated to be the
case, then there are no objections with this approach in scientific work. The
use of vague priors on model parameters has been a major step forward for the
acceptance of Bayesian approaches by scientists.
Bayesian approaches to model selection include the Bayesian Information Criterion (BIC), the deviance information criterion (DIC), and a reverse
jump Markov Chain Monte Carlo approach (RJMCMC). DIC is a Bayesian
approach but with AICc-like properties and has seen heavy use in the free
software WINBUGS and more generally. DIC seems to be the workhorse for
Bayesian model selection; however, other approaches also see application.
Bayesian prior probabilities on models are required when dealing with several models. BIC (see Appendix E) has both a Bayesian derivation and a
“frequentist” derivation, whereas AIC also has both a Bayesian and “frequentist” derivation. Thus, debate should not be just “Bayesian vs. non-Bayesian”
(see Link and Barker 2006); the issues are more substantive than this. Turning
beliefs about models into probability distributions has been difficult. Still,
I think a goal in Bayesian analysis would be to have the model priors swamped
by the data.
The level of education and experience needed to thoughtfully use Bayesian
methods is fairly high. One must have a decent background in probability,
mathematical statistics, numerical analysis, and programming (R being especially useful) in addition to the subject matter science. This is asking a lot.
I encourage research people in the life sciences to seek a PhD level statistician
with expertise in Bayesian theory and computation and work collaboratively
with them.
Programs such as WINBUGS are useful for smaller problems and can be
surprisingly useful for many research problems. Otherwise, the researcher
must often write and debug code for the MCMC or RJMCMC algorithms
and this can be quite challenging. One must anticipate substantial computer
run times as well as programming and debugging issues. The recent text by
Givens and Hoeting (2005) provides a review of these issues.
I have a high regard for Bayesian approaches and I expect to see their
increasing use in the future. In multilevel random effects models, there is little choice of method and the nature of the MCMC algorithm makes Bayesian
approaches a natural for coping with random effects (however, the concept of
h-likelihood might provide an alternative at some point). I think more work
needs to be done to explore the mutualities between extended likelihood theory and Bayesian methods. Ken Burnham has shown several areas of commonality between what might be called likelihoodists and Bayesians (Burnham
and Anderson 2004). Other investigators have found similar convergence and
I view these as constructive.
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Appendix E: The Bayesian Information Criterion
Akaike’s AIC started one of Claude Shannon’s “bandwagons,” the first and
best known is BIC, the Bayesian information criterion (also called SIC after
its founder, Schwarz (1978) ). BIC is superficially similar to AIC
BIC = −2log(L (q̂ )) + K log(n)

but with a different “penalty” term. If n = about 8, then BIC = AIC. In the
realistic cases where n > 8, the penalty in BIC is slightly larger and there is a
tendency for it to select smaller dimensioned models than AIC. Comparisons
between BIC and AICc are harder to generalize.
BIC has nothing linking it to information theory, a misnomer. Many
Bayesians do not like BIC (e.g., Link and Barker 2006); however, it is not
uncommon to see its output by various statistical software packages, thus
I will offer a few comments and a comparison. Almost any short summary
as to what BIC is supposed to do is probably somewhat wrong or incomplete
(including this one). There are a large number of papers about BIC; useful
(but inconsistent) summaries can be found in Weakliem (2004). McQuarrie
and Tsai (1998) provide the results of elaborate MC simulation studies that
include BIC as one criterion. BIC has been rediscovered many times and
several elaborations have been published over the years. I will not attempt
a thorough review; instead I will offer some overview comments on this
issue.

E.1

Schwarz’ Criterion

Schwarz’ derivation of BIC does not assume that a true model exists; however,
the general setting is that a true model exists, this model is in the candidate set,
and the investigator does not know which model is the true one, thus a model
selection problem – “find the true model.” Schwarz derived the criterion using
vague priors on all the model parameters and uniform priors (1/R) on models.
Bozdogan (1987) termed what would eventually become a class of such criteria, “dimension consistent.”
Consistency is a statistical property in estimation theory indicating an estimator with both bias and variance going asymptotically to zero. Consistency
has often been touted as BIC’s virtue; however, this has no meaning without
the false concept of a true model being in the candidate set.

E.2

Real World Properties

The real issue, then, concerns the properties of BIC when the true model
is not in the set and when sample size is less than very large. Such properties are difficult to state clearly as they depend substantially on the nature
of the underlying reality. I will outline two extremes, (a) are there only 3–4
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large effects (and no other effects) in the underlying process? or (b) are there
a wide range (say, 25–80 – if not hundreds) of tapering effect sizes in the
underlying process of interest? Some useful generalizations can be given for
these cases.
In (a) BIC will often do well in terms of selecting the model with these
few and large effects even if sample size is small to moderate (so will AICc).
Nearly all MC simulation studies generate data from a model with a few
(2–5) large effects (but see McQuarrie and Tsai 1998); thus, the result
would seem to show that BIC selects the true model a high percentage of
the time.
In (b) BIC will perform poorly in identifying the full extent of reality unless sample size is very, very large. BIC approaches the true model
from the left; thus, if sample size is too small, an underfitted model (as
judged by full reality) will be selected. BIC will do poorly at selecting the
model of complex reality in case (b), unless one has samples sizes in the (I
am guessing) millions. Understanding the underlying realities gives little
place for BIC to contribute. Link and Barker (2006) and offer additional
points.
Burnham and Anderson (2002) suggested the notion of a quasi-true model
to help with an understanding of BIC’s performance in realistic situations;
however, even this notion is strained, but at least it points to the target model
for BIC selection when a true model is not in the set. BIC does not guarantee
a good parsimonious model, or minimum MSE, good confidence interval coverage, or other performance properties.

E.3

High Probability Assigned to Models that Do Not Fit

BIC has a tendency to give high weight to models that do not fit, as judged
by a usual goodness-of-fit test (Burnham and Anderson 2004:293–297). One
might hope that if the global model fits, the selected model would also fit:
AICc has this property. Under tapering effect sizes and using a = 0.05, they
found that BIC selected nonfitting models 11.5% of the time with sample size
= 50, 15.9% of the time with sample size = 100, and 28.1% of the time with
sample size of 500. As sample size increases, the probability of selecting a
nonfitting model increases! These results would seem to be disturbing and
more work on this issue is warranted.
Reschenhofer (1996) noted that AICc and BIC have very different objectives and target models and should not be directly compared. AICc depends
on the given sample size and selects the fitted model that minimizes estimated,
expected K–L information as the approximating model of full reality. AICc
is about approximation and prediction and its target model changes with
changes in sample size. Thus, as sample size gets larger, additional effects can
be uncovered; this includes reality where there are countless tapering effects.
AICc is about “best” models in the sense of approximations to truth and outof-sample prediction, given the sample size.
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Predictive Mean-Squared Error

Almost no MC simulation studies have been reported in the literature where
data were generated from a model with reasonable complexity (say, a nonlinear model with 40–50 or 100 parameters, many correlated covariates,
several higher order interactions). Then, over a range of sample sizes, evaluate various selection criteria on predictive mean-squared error (PMSE) or
achieved confidence interval coverage for predictions. Burnham and Anderson (2002:300) present the results of a reanalysis of the human body fat data
from Johnson (1996). This is a linear regression to predict body fat using 13
predictor variables (= 8,191 models). They took the global model, its MLEs,
and covariance matrix and used it as a generating model to simulate 10,000
reps each with sample size 252. I will not give details here except to tabulate
some PMSEs (×106) for (a) model averaging (multimodel inference, Chap. 5)
used or (b) inference from (only) the best model.
Method
AICc
BIC

Model Averaged

Best Model

4.8534
5.8819

5.6849
7.6590

AICc has a substantially better PMSE, but note that BIC benefited relatively
more from model averaging. More simulation studies to mimic real world phenomenon would be helpful. In these cases, the evaluation should be focused
on PMSE instead of the usual “how often does this criterion select the true
model”? Of course, the generating (“true”) model should not be in the set, a
mistake so often seen in the literature.
In summary I would not use BIC unless I was trying to select the generating model from MC simulation. There, a true (generating) model exists
and I know if it is in the set. Then, if the generating model mimicked some
complex reality and if sample size is very large (e.g., perhaps hundreds of
thousands or millions), I would use BIC. Alternatively, if I knew the underlying process had 3–5 large effects (and no smaller effects) I might use BIC even
if sample size was modest – this is BIC’s element. Putting this in perspective,
I would still use BIC in regression settings over step-up, or step-down or stepwise methods in regression.

Appendix F: Common Misuses and Misinterpretations
The recent literature in a cross section of the life sciences suggests several
problem areas. I will explain a dozen of these including my own observations along with ideas suggested by various reviewers. Related suggestions
are found in Anderson and Burnham (2002). Some other comments and opinions are given at www.warnercnr.colostate.edu/∼anderson/PDF_files/AIC%
20Myths%20and%20Misunderstandings.pdf
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1. Often too little time is devoted to generating a good set of alternative hypotheses. Some published papers seem to suggest that this important step was
almost an afterthought. It might be useful for an investigator preparing to
collect data to ask himself “how much effort was put into developing my
specific objectives and outlining the alternative hypotheses.” If the answer
is “a few hours,” then it might be best to revisit these important issues.
2. Some authors tend to ignore sample size issues when interpreting model
selection results and then compounding this by misinterpreting the results
in a dichotomous yes/no fashion (e.g., “… uptake rates did not vary across
study groups” or “…there was no difference in transition probability by
group”). Of course, rates of uptake and transition probabilities differed;
the issue is “by how much”? Perhaps they meant to say that with the sample size available, differences in uptake seemed small. Or perhaps, the
estimated differences were large, but the sample size was so small that
models with such differences could not be supported.
The lowest level of reliable inference is the sign of the effect (+ or −). If
even the evidence for the sign is weak, perhaps judgment should be withheld. The parameter estimate and its confidence interval could be given
but one should probably admit that the estimated effect is about 0 as far as
the information in the data are concerned.
3. Some papers misinterpret the relative importance of models within about
2∆i units when there is no change in the deviance and differing by only
one parameter (the “pretending variable problem”). This issue is aggravated when the values of the maximized log-likelihoods or the deviance
are not tabled (see Anderson et al. 2001b).
4. Other literature has appeared where model building, fitting, selection, and
inference are treated piecemeal (e.g., splitting a dataset for purposes of
“validation,” treating groups, such as gender, separately without hypothesizing that some parameters might be in common across groups, ignoring
the principle of parsimony in hypothesizing and modeling). These are not
easy issues to understand but sometimes available software will help with
this issue (e.g., the R package of freeware, Venables and Smith (2002) ).
5. Some papers provide only a table of AICc and ∆i values allowing a ranking of the models and their hypotheses. This approach might have been
reasonable 10–15 years ago; however, much more can be learned using
the model probabilities, evidence ratios, and model-averaged parameter
estimates to gain insights into estimated effect sizes and structural relationships. In any case, inference should not stop at just identifying the
“best model” as estimates of model parameters should be interpreted and
these insights should be tied back to the science hypotheses.
6. A large percentage of papers present the results of simple studies as a NHT
(see Stephens et al. 2005); perhaps without realizing that an evidence ratio
would be easier to compute and provide a proper strength of evidence for
both the null and the alternative (e.g., the model probabilities). The information-theoretic approach provides the probability of both the null and the

164

Appendices

probability of the alternative, model-averaged estimates of effect size and
estimates of precision that include a variance component for model selection uncertainty (see Schmidt et al. (2004) for a nice example).
7. Perhaps the worst issue is the feeling among some people that the information-theoretic methods “require” sustained thinking leading to hypothesizing good alternatives and this is too hard and too much to expect (see
discussion by Steidl (2007)). Therefore, the NHT approach might be
preferred because less thinking is required (i.e., one can always trump
up a null). This attitude often fosters people spending resources playing
the “measuring nature game” without much purpose. Alternative science
hypotheses and hard thinking represent the very core of good science;
good science is not always “easy.” I doubt if anyone has received a Nobel
Prize for testing a null hypothesis.
8. I often hear that some authors are encouraged/forced by journal editors or
associate editors to add P-values in place of (or in addition to) estimates
of effect size and their confidence intervals and model selection statistics.
It seems, to me, that the peer review process could be much better. A
colleague suggested that the weakest link in our science is that the accumulation of supposed knowledge is based on the unsupervised individual
application of statistical hypothesis testing with very little effective oversight in the review process.
9. I see where investigators have conducted all-possible paired comparisons
using t tests and then used those that were statistically “significant” from
the null in a multiple regression model (i.e., the “nonsignificant” variables
are discarded). This is often followed by discarding the variables in the
regression model that are then not “significant.” This procedure attempts
to “weed out” nonsignificant variables before moving to a multivariable
regression analysis with a further weeding of those found to be nonsignificant once the “more comprehensive” modeling started. This strategy
is not without its logic if one has no background in statistical theory and
stochasticities.
However, this strategy is very poor for several important reasons (e.g.,
it mixes analysis paradigms, leads to a host of technical matters such as
the multiple testing problem, and often makes hidden assumptions concerning independence of the predictor variables). If the simple models
represented plausible hypotheses, they should have been in the candidate
set of the initial regression models. Underlying this type of error is that
the focus of the investigation has improperly focused on models rather
than concentrating on the science issues (i.e., plausible hypotheses). The
situation points to poor study design that often stems from shallow thinking about the science issue in the first place. This problematic approach is
rampant in some areas of the life sciences.
10. The use of too many models is problematic. This is often the result of
a focus on running models versus thinking about the alternative science
hypotheses. Certainly, if there are more models than the size of the sample
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(R > n), one should expect difficulties. Large, unfocused descriptive studies are often faced with a huge number of models (see no. 11, below).
11. Some software packages allow one to perform a “stepwise AIC” and this
represents poor practice. The theme here seems to be that the computer
will “find out what is important without the investigator having to think.”
The underlying problem, like running “all possible models,” is the finding
of effects that are, in fact, spurious. This issue relates back to Freedman’s
paradox and model selection bias. Admittedly, these are issues that are not
easy to understand without some background.
12. In general, I think the results from rampant data dredging should often
remain unpublished. I think more should be done to explain to readers
what results and conclusions stem from a priori considerations versus the
more tentative insights from post hoc investigations. Such statements portray honesty and openness in publication and can help define the next set
of hypotheses and their models.
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